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(Received February 26, 1974) 

X-ray diffraction measurements were made at temperatures about 50°C above liquidus in 
the Pb-Bi system. Three partial structure factors Si(Q) were evaluated from the observed 
X-ray intensities assuming that each Sij(Q) is inhependent on the relative abundance 
of the constituent elements in the alloys. The partial reduced distribution functions 
Gij(r) were also calculated. The functions Si,(Q) and Gi,(r) have maxima which lie 
between those of the pure elements. The radii of the first coordination sphere show a 
linear dependence on the concentration as expected from random distribution of the 
atoms in liquid Pb-Bi alloys. A comparison was made between the partial and total 
structure factors obtained in this work and those calculated from the hard sphere modet 
Adequate agreement was obtained on the first peak, but good agreement of the damping 
behaviour and phase was not necessarily found. 

1. INTRODUCTION 

Studies of X-ray or neutron diffraction from liquid metals directly lead to 
information about atomic distribution by Fourier analysis. In the recent 
progress of the theory of liquid binary alloys, for example the theoretical 
consideration of the electron-transport properties, the importance of three 
partial distribution functions (i-i, j-j and i-j) of atoms has been emphasized. 

t Present address: The Research Institute of Mineral Dressing and ketallurgy, Tohoku 
University, Sendai 980, Japan. 

267 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



268 Y. WASEDA et al. 

Some of the liquid binary systems'-' were investigated mainly from the 
point of view of interpreting their electron-transport properties. 

In order to understand more detaded arrangements of atoms in liquid 
binary alloys, X-ray diffraction patterns of liquid Pb-Bi alloys with 20, 36, 
56 and 80 at % Bi were measured at temperatures about 50°C above liquidus. 
The first reason for the choice of this alloy system was that the two compo- 
nents have similar scattering factors for X-rays. This is an important factor for 
the normalization of the X-ray scattering intensities observed. The second 
reason was to examine the contribution of the difference of crystal structures 
to the atomic arrangement for a liquid binary alloy. Furthermore Pb has a 
closed-packed (face centered cubic) structure whereas Bi has more loosely 
packed (rhombohedral) structure in the solid state and their atomic weight, 
atomic size and electronegativity are almost identical. 

In addition, a comparison is made between the structure factors obtained 
from diffraction data and those calculated by the hard sphere model5-'. The 
results are discussed below. 

2. EXPERIMENTAL PROCEDURES 

The experimental arrangement used for the measurement of the scattered 
X-ray intensities from liquid metals is identical to the one described in our 
previous paper.' A few additional details are given below. The radiation was 
obtained from a Philips sealed-off molybdenum X-ray tube at 60 kV and 
20 mA. Measurements'were taken at intervals of 15' over the angular range 
between 4" and 20" and at intervals of 30' between 20" and 45". This angular 
range corresponds to  a range from Qmin=l .30 A-' to Q,,=12.0 A-' . The 
data reported here correspond to an average of three runs at each measure- 
ment. 

The samples of the Pb-Bi alloys were prepared by melting appropriate 
amounts of Pb and Bi, both 99.9999 % purity, in an Ar-10% H2 atomosphere 
in the high temperature apparatus. The liquid samples were held in a boron 
nitride (BN) crucible (30 x 20 mm') at 300°C above liquidus temperature for 
about 2 hours and then rapidly cooled to room temperature. The surface of 
solid samples was cleaned with emery paper and mirror finished on a metallo- 
graphic polishing wheel. Such samples were re-melted to measure the scattered 
X-ray intensities. The sample temperature was measured by a Pt-Pt, Rh ther- 
mocouple with 0.3 mm diameter, which was inserted into the side hole of the 
BN crucible. 
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STRUCTURE OF LIQUID PB-BI ALLOYS 269 

In order to convert the observed counts into electron units, the Krogh- 
Moe method', modified for an alloy, was used with the dispersion corrected 
scattering factors of Cromer." 

3. ANALYSIS OF INTENSITY PATTERNS 

Using the method of Wagner and Halder" , the total structure factor S(Q) can 
be defined in terms of the coherently scattered intensity S",h(Q) per atom 
in electron units as follows; 

S(Q) = [ SEEh (Q) - (f2) + (f)' ] / ( D 2 ,  (1) 

and 

(2 1 "'(Qr) dr, 00 

sCoh(~)  = (f2> + (f>' c 4nr2 [ p ( r )  - P O  1- 
Q r  eu 

2 2 

i= I i= 1 
where (f2) = C cif;, (f)2 = C. (cifi)2, po is the average density of atoms, p(r) 

is the radial density function, ci and fi are the atomic concentration and 
atomic scattering factor of the i-kind of atoms respectively and Q 4 n  sin O / A ,  
where 2 8 is the angle between the incident and diffracted X-ray beams and 
X is the wavelength. 

The total reduced distribution function G(r) is obtained by the following 
Fourier transformation of the total structure factor S(Q); 

On the other hand, for a binary alloy the total structure factor S(Q)  
directly obtained by experiments is connected to three partial structure 
factors, Sll(Q), S 2 2 ( Q )  and S12(Q) as follows; 

Here, the partial structure factor Sij(Q) can be written as; 

where pij(r) means the number of j-type atoms per unit volume at  a distance 
r from i-type atom. Then we also obtain the reduced partial distribution 
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function Gij(r) from Sij(Q) by the following relation: 

P 4 )  
Gij(r) = 4nr [ - p o l  = 2 J" Q [S(Q) - 11 sin(Qr) dQ. (6)  

n o  

In this work, the three partial structure factors were derived from the 
total structure factors experimentally obtained at several compositions by  
solving three set of simultaneous equation based on Eq.(4). The numerical 
calculation was performed on the NEAC-2200, Model-700, in Computer 
Center, Tohoku University. 

4. RESULTS AND DISCUSSION 

4.1 Atomic distribution in liquid Pb-Bi alloys 

The total structure factors are shown in Figure 1. These were measured at 
temperatures about 50°C above the liquidus temperature. The positions of 

FIGURE 1 Total structure factors for liquid Pb-Bi alloys. 
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TABLE I 
Summary of the information of total structure factors 

Composition Measured Po 
at % Bi temp. "C atom4A3 Q, Q, Q, 1 1  "1 "a 

0 340 0.0310 2.28 4.23 6.20 3.33 10.9 10.8 
20 300 0.0304 2.20 4.21 6.19 3.34 10.1 9.9 
36 250 0.0300 2.17 4.18 6.17 3.34 9.9 9.9 
56 200 0.0294 215 4.16 6.15 3.36 9.5 9.5 
80 270 0.0290 2.13 4.13 6.03 3.38 9.1 8.8 

100 300 0.0289 2.11 4.12 6.00 3.38 8.8 9.0 

po is the average number density of atoms, Qi is the position of the i-th peak in S ( Q ) ,  
r ,  and n1 are the interatomic distance and coordination number of atoms derived from 
4nr'p(r), and na is the value calculated by Q. (8). 

peak maximum of the total structure factors were determined from the 
position of apex of the parabola obtained with three points near the peak 
maximum and are given in Table I together with average density of atoms.'* 
These positions decrease gradually from 2.28 A-' for pure Pb to 2.11 A-' 
for pure Bi for the first peak and from 4.23 A-' to 4.12 A-' for the second 
peak. The structure factor of liquid Bi shows the small hump on the high 
angle side of the first peak. The small hump of the structure factor was also 
found in the case of pure liquid Ga, Sn l 3  and Bi. l4 In all the cases this small 
hump is not specified as the temperature rises, but the asymmetry of the 
first peak is observed. In addition, the electronic structure of these liquid 
metals is quite different from the value expected by the nearly free electron 
model." For these reasons, it is deduced that the small hump of these liquid 
metals is connected with the anisotropy of their crystal structure. At present 
time, a definite answer on this problem is not available. In liquid Pb-Bi 
alloys this small hump becomes less evident with an increase in the Pb-con- 
centration as shown in Figure 1.  

The total reduced distribution function G(r) and the pair probability 
function W(r) = p(r)/po are shown in Figures 2 and 3. All the curves of G(r) 
oscillate about zero. Asymmetry of the first peak is found for all alloys. The 
first peak of pure Pb is sharp unlike those of pure Bi and alloys which are 
comparatively broad. This slight asymmetry of the first peak is also found in 
W(r). These curves do not indicate any fine structures, for example, the 
double headed peak in the Au-Sn system. l6 Therefore, one can not expect 
drastic changes of the structiire in liquid Pb;Bi alloys. 
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212 Y. WASEDA et al. 

The mteratomic distances rl were obtained from the curves of 4nr2(r). 
The area under each first peak of 4nr2p(r) was used to estimate the coordi- 
nation number of nearest neighbour atoms n l  . As we have no unique method 
of evaluating the coordination number of atoms”, only a value obtained by 
Eq.(7)isgivenin Table 1 and Figure 4 together with the interatomic distances. 

nl  = f: 4nrzp(r) d r ,  (7) 

where ro is the edge of the left-hand side of the first peak and r2 corresponds 
to the first minimum on the right-hand side of the first peak in 4nrzp(r) 
curves. This method is considered mathematically the best one though the 
validity of this method is unfortunately doubtful when ripples appear due to 
the errors. We see from Figure 4 that the interatomic distance rl increases 
linearly with concentration. The dotted line in this figure joining the two 

-11 

Total reduced distribution functions for liquid Pb-Bi alloys. FIGURE 2 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1



STRUCTURE OF LIQUID PB-BI ALLOYS 
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FIGURE 3 Pair probability functions for liquid Pb-Bi alloys. 

273 

FIGURE 4 
centration for liquid F'b-Bi alloys. 

Plots of interatomic distance r l  and coordination number n I  against con- 
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274 Y. WASEDA et al. 

points corresponding to rl for pure Pb and Bi (3.33 A and 3.38 A respec- 
tively), indicates a linear relationship of Vegard’s law in the solid solution.” 
The variation of the coordination number n l  with concentration is similar to 
that of the interatomic distance. From these results, the contribution of the 
difference of crystal structures to the atomic arrangement for liquid Pb-Bi 
alloys is found to  be insignificant. It is easy to see that this agrees with the 
conclusion from a quasi-face centered cubic lattice model by Furukawa” 
and supports that there is no preferential grouping or molecular arrangement 
in liquid Pb-Bi alloys. 

FIGURE 5 Partial structure factors for liquid Pb-Bi- alloys. 

- Pb- Pb 
8;-Bi -__ 

FIGURE 6 Partial reduced distribution functions for liquid Pb-Bi alloys. 
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STRUCTURE OF LIQUID PB-BI ALLOYS 275 

4.2 Partial structures in liquid Pb-Bi alloys 

The calculation was performed to derive the partial structure factors on 
three sets of data (pb-20, 36, 56 at % Bi; Pb-36, 56,80 at % Bi; Pb-20,56,80 

were determined by the least square analysis of four S(Q) with different Bi 
concentrations. Figures 5 and 6 show the partial structure factors Sij(Q) and 
the reduced partial distribution functions Gij(r) respectively. The peak posi- 
tions of Sij(Q) and Gij(r) are summarized in Table 11. 

As shown in Figure 5,  SPb-Pb(Q) and SBi-Bi(Q) closely resemble the 
structure factors of pure liquid metals reported by our group.I3 This seems 
to indicate that the partial structure factors are independent of the compo- 
sition of alloys. spb.Bi(Q) and Gpb-Bi(r) have the peak maxima at the posi- 
tions between those of pure elements. Such a behaviour is predicted from 
the random mixing model of hard spheres. The value of the partial quantities 
of unlike atom pair (Pb-Bi), for example the position of peak maxima, inter- 
atomic distance and so on, is in moderately good agreement with the mean 
value between those of like atom pairs (Pb-Pb and Bi-Bi). On the other hand, 
the total structure factors and their Fourier transforms have no anomalies at  
any particular compositions, as shown in Figures 1 and 2. These results 

at % Bi) and then the best fit values of spb-pb(Q), Ssi-Bi(Q) and Spb-Bi(Q) 

TABLE I1 

Summary of the information of partial structure factors and partial 
distribution functions 

Position of 
i-th peak 

1 st peak 2.28 2.12 2.18 2.20 
2nd peak 4.23 4.09 4.05 4.16 
3rd peak 6.17 5.96 6.16 6.07 

Gpb.pb(r) GBi-Bi(r) G pb - B i ( r mean value 

1st peak 3.28 3.36 3.33 3.32 
2nd peak 6.24 6.59 6.35 6.42 
3rd peak 9.13 9.47 9.31 9.30 

Interatomic 
distance rij 3.30 3.38 3.36 3.34 

10.8 9.0 9.3 9.9 Coordination 
number q j  

Peak positions of Sij(Q) are represented in A - '  and those of Gi.(r) and interatomic 
distance are in A, mean value denotes average value between those oflpure elements. 
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276 Y. WASEDA et al. 

suggest that the structure of the crystalline compound, for example the 
€-phase (Pb3 Bi), never influences the liquid structure of alloys. 

According to the method of Halder and Wagner’, the coordination 
number for an alloy na can be written in terms of the partial coordination 
numbers nij in the following form; 

The calculated coordination number for an alloy na is listed in Table I. 
It is interesting to note that agreement is shown between the calculated and 
observed values. This result at least confirms that the structure of liquid Pb-Bi 
alloys is represented by the combination of the three partial distribution of 
atom pairs (Pb-Pb, Bi-Bi and Pb-Bi) within the framework of the assumption 
that the partial distribution of atom pairs is independent of composition. 

Here, we have employed one simple approach, the hard sphere mixture 
model to calculate the partial structure factors in a liquid binary alloy. The 
model structure factors which are calculated from the concentration, hard 
sphere diameter and total packing fraction are frequently used” in the case 
of quantitative analysis of electron-transport properties in liquid binary alloys 
because the partial structure factors of any binary systems do not obtained 
experimentally. In this section, a comparison is made between the partial and 
total structure factors obtained in this work and those calculated from the 
hard sphere mixture model. 

Ashcroft Langreth’ and Enderby-North6 have independently suggested 
to apply the Fourier transforms of the hard sphere solutions of the Percus- 
Yevick equation for binary mixtures presented by L e b ~ w i t z . ~  The detailed 
formulas are given in their original Hence only the method for 
selection of the parameters, namely the hard sphere diameter and total 
packing fraction, is given below. Waseda and Suzukizz showed that the hard 
sphere diameter (u) for one component liquid metals is close to the distance 
(To) of the first node in the effective interionic potential. Using the assump- 
tion u = ro and the density of liquid Pb-Bi alloys observed experimentally’2, 
the total packing fraction is 0.43 f 0.02. This is good agreement with the 
value (0.45) used by Ashcroft and Langreth.’ From these results, the model 
partial structure factors for Pb-56 at % Bi alloy are calculated with ro 
(A) = 2.97 and 3.04 for Pb and Bi respectively” instead of o and the total 
packing fraction 0.43. 

Figure 7-(A) shows the partial structure factors of the unlike atom pair 
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STRUCTURE OF LIQUID PB-BI ALLOYS 211 

(Pb-Bi) obtained in this work and calculated from the hard sphere mixture 
model. Adequate agreement is readily observed for the first peak maximum, 
but the disagreement between curves is evident with respect to the damping 
behaviour and the phase. We may suggest that this is because the repulsive 
core in the effective interionic potential for liquid metals is softer than that 
of the liquids of rare-gas elements.12 Therefore the hard sphere model which 
neglects the softness of the repulsive core in the pair potential does not 
explain properly the quantitative aspects of the structure factor for liquid 
metals though it seem to be fairly good as a first approximation. 

Figure 7-(B) shows the total structure factor of liquid Pb-56 at % Bi 
alloy according to the hard sphere mixture model together with the curve 

@I 

a .  

- 
9 
Ip 

Q d'I 
FIGURE 7 A comparison between partial and total structure factors of liquid Pb- 56 
at % Bi alloy observed in this work and those calculated by the hard sphere mixture 
model. 
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measured in this work. Although there are differences in detail good agree- 
ment is found with respect to the position and the height of the first peak. 
For this calculation, we may suggest that the hard sphere mixture model 
seems to be fairly good as a first approximation at least for liquid Pb-Bi 
alloys though the detailed information evidently differs from the results 
observed experimentally. In addition, a new approach for liquid metals to 
give the best fit to the observed structure factor should include the character- 
istic of the softness of the repulsive core in pair potential. But this problem 
is to be discussed in a later work after performing some further diffraction 
experiments and consideration. 

Acknowledgments 

The authors are greatly indebted to Prof. M. Ohtani for his support and encouragement 
in this study. The assistance of Computer Center, Tohoku University, is also gratefully 
acknowledged. 

References 

1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

10. 
11. 
12. 
13. 
14. 
15. 
16. 

17. 
18. 
19. 

20. 
21. 

22. 

J. E. Enderby, D. M. North and P. A. Egelstaff, Phil. Mag. 14,961 (1966). 
N. C. Halder and C. N. J.  Wagner, J. Chem Phys. 47,4385 (1967). 
C. N. J. Wagner, N. C. Halder and D. M. North, 2. Nuturf: 24a, 432 (1969). 
H. F. Buhner and S. Steeb, Z. Naturt 24a, 428 (1969). 
N. W. Ashcroft and D. C. Langreth, Phys. Rev. 156,685 (1967). 
1. E. Enderby and D. M. North, Phys. Chem Liq. I ,  1 (1968). 
J. B. Lebowitz, Phys. Rev. 133, A895 (1964). 
Y. Waseda, F. Takahashi and K. Suzuki, Sci Rep. RITU, A23,127 (1972). 
J .  Krogh-Moe, Acta Cryst. 9,951 (1956). 
D.T. Cromer, Acra Cryst. 18, 17 (1965). 
C. N. J. Wagner and N. C. Halder, Adv. Phys. 16,241 (1967). 
0. J .  Kleppa, M. Kaplan and C. E Thalmayer,J. Phys. Chem. 65,843 (1961). 
Y. Waseda and K. Suzuki, Phys. Stat. Sol. (b) 49, 339 (1972). 
Y. Wasedaand K. Suzuki, Phys. Stat. Sol. (b)  47,581 (1971). 
L. E. Ballentine, Canad. J. Phys. 44, 2533 (1966). 
R .  Kaplow, S. L. Strong and B. L. Averbach, Local Atomic Arrangenient Studied 
by X-ray Diffraction, J .  B. Cohen and J. E. Hillard (Editors), Gordon and Breach, 
Sci. Pub. Inc. New York, 159, (1966). 
Y. Waseda and K. Suzuki, Phys. Stat. Sol. 39,669 (1970). 
P. Ascarelli, Phys. Rev. 143, 36 (1 966). 
M. J.  Sinnott. The Soiid Stare for Engineers, John Wiley & Sons Inc., New York, 
123, (1958). 
K. Furukawa, Sci. Rep. RITU, 12A, 368 (1960). 
S. Takeuchi (Ed.) The Properfies of Liquid Metals (Tokyo Conference), Taylor and 
Francis, London (1973). 
Y. Waseda and K. Suzuki, Phys. Stat. Sol. (b) 57, 351 (1973).. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
1
 
2
8
 
J
a
n
u
a
r
y
 
2
0
1
1


